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The concepts of three co-widths are proposed and some of their properties are
studied in this paper. The main result is that we obtain the cxact values of the three
co-widths of Sobolev function classes B,(R) in L?(R) (1< p<co) and find the
optimal subspaces and the optimal linear operator. An application of the co-widths
to optimal recovery is given. New extremal properties of cardinal splines and
cardinal spline interpolation are discovered.  © 1992 Academic Press, Inc.

1. INTRODUCTION

In this paper we continue the initial work of [6] where the notions of
infinite-dimensional widths both in the linear sense and in the sense of
Kolmogorov were introduced. Here we will define another infinite-dimen-
sional width in the sense of Gel'fand. For the convenience of readers, we
will give the definitions and basic properties of the Kolmogorov and linear
co-widths in Section 2. In addition, the definitions in the present paper are
more general than those in [6].

The infinite-dimensional widths, abbreviated to co-widths, are natural
extensions of n-widths. When we consider the best approximation of some
classes of functions over the whole real line R (or the 4 dimensional
Fuclidean space R?), the n-widths can not work well in this situation
because R (or R¥) is not compact. To establish a mode for which one can
compare a method of approximating a class of functions over R with the
best possible one, we introduce the co-widths. Roughly speaking, the
oo-widths give the best lower bound which may be achieved by some
method of approximation on some classes of functions over R, where the
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best lower bound means the optimal order of approximation and the best
constant before the order. Our main results are given in Section 3 where we
obtain the exact values of three oo-widths of Sobolev function classes B7(R)
in L”(R) (1<p< o) and find the optimal subspaces and the optimal
linear operator. In Section4 we give an application of co-widths to the
problem of optimal recovery of B(R) in L”(R). It is surprising that the
dilation of cardinal spline interpolation is optimal in the sense of both
linear co-width and optimal recovery.

2. DEFINITIONS AND BASIC PROPERTIES

Given w> 0, let .7, be the family of spaces of functions over the real line
R such that

1
lim infz—dim Sl gy SWs forall Sed,, 2.1)

a— +o 24

where S _, ,; is the subspace of S restricted to [ —a, a] and dim S| _,
is the dimension of S| _, ;. It is clear that S :=span{@(-—k/w)}, ., €7,
if ¢ is a function with compact support and Fe J,, if F is a finite-dimen-
sional space of functions over R. 7, contains sufficiently many spaces
which are subject to the natural and reasonable condition (2.1). In the
following we let X(R) be a normed linear space of functions over R
with norm |/-||,. We usually take X(R) as L?(R) (I1<p<w) or
C*(R) := C(R) n L™(R).

DermNiTION 2.1, Let 7, and X(R) be given as above and 4 = X(R). The
quantity

d,(4; X(R)):= inf sup inf |/~ gl (2.2)

SeTy feA gefs

is called the infinite-dimensional width of 4 in X(R) in the sense of
Kolmogorov, abbreviated co-K width. The oo-linear width is defined by

0,(4; X(R)) :=inf sup || f — M(f)ll x, (2.3)

M feAd

where the M under the inf is taken over all linear operators for which
M(span(A4))e 7,,. If there exists a subspace S* e .7, such that

d,(4; X(R))=sup inf ||f—g|y, (24)

fed geS*

then S* is said to be optimal for d,(4; X(R)) (an optimal subspace for
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d, (A4; X(R))). Similarly, if there exists a linear operator M*:span(4)—
M*(span(4))e J,, such that

8.(4; X(R))=sup | f = M*(f)lx, (2.5)

feAd

then M* is called an optimal linear operator for é,(4; X(R)}.

Remark. When w=1, X(R)=L?(R), 1< p< o0, and 4 is the unit bail
B7(R) in the Sobolev space, we have given the definitions of d;(B(R});
L*(R)) and 6,(B,(R); L”(R)) in [6]. The reason why d,(4; X(R)) and
0,.(4; X(R)) are called co-widths is illustrated in [6]. The reason why
d, (A4; X(R)) is called the o0-K width is that its definition is similar to that
of the Kolmogorov »n-width. In addition, we clearly have the relation

d,(4; X(R)) <90,(4; X(R)). (2.6)

ProposiTioN 2.1.  Let X(R) be a normed linear space of functions over R
and A = X(R). Then

(1) d,(4: X(R))=d,(4; X(R)), 6,(Z; X(R))=0,(4; X(R)), where 4
is the closed hull of A.

(2) d.(0d4; X(R)) = o] d,(4; X(R)), J,(ad; X(R))=la] 6,(4; X(R}),
aeR.

(3) d.lco(4); X(R))=d,(4; X(R)), J,(co(4); X(R))=4,(4; X(R)),
where co(A) denotes the convex hull of A.

(4) Let b(A) ={af: fe A, |a| <1} be the balanced hull. Then

d,(b(4); X(R))=d,(4; X(R)),  6.(b{4); X(R))=0,(4; X(R)).
(5) If w,<w,, then
du(4; X(R)) < d, (45 X(R)),  9.,(4; X(R))<4,,(4; X(R)).
(6) If Ac B< X(R), then
d.(4; X(R))<d,(B; X(R)),  9,(4; X(R)) <6,(8; X(R)).

The proof of Proposition 2.1 is easy, and we therefore omit it. According
to the properties (1), (3), and (4), without loss of generality, we can assume
that 4 is a closed, convex, and centrally symmetric subset of X(R).

We now define another infinite-dimensional width which we refer to as
the oo-G width. To this end, we need to make some preparations. Let Y{R)
be a topological vector space of functions over R. By Y'(R) we denote the
dual space which is the space of continuous lingar functionals on ¥Y(R). In
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the following we define the support of an element of Y'(R) as of the
distribution [1, pp. 54-55]. For this purpose we first note that the support
of a usual function f over R is defined by

supp f:={xeR: f(x)#0}. 2.7

DerFiNiTION 2.2, Let 7€ Y'(R).

(1) Suppose V is an open subset of R. If
(f)=0, forall feY(R) satisfying suppfcV,

then 7 is said to be zero on V.

(2) The support of 7 is the complementary set of the largest open
subset on which 7 is zero. In other words, the support of 7 is the smallest
closed set outside of which t is zero.

For T:={1;},.,, where 7,€ Y'(R), je Z, we denote T(f) := {7;(f)},.z>
feY(R);, KerT:={feY(R):T(f)=0}, where T(f)=0 means that
7,(f)=0, for all je Z. In addition, we use the notation

T|_pai={yeT:suppt,n[~a,al #J}. (2.8)

DerFintTION 2.3. Let w> 0, X(R) be a normed linear space of functions
over R, and 4 < X(R). Set Y ,(R) :=span(4).

(1) 6,(4):={T={1;},.2: 1,€ Y4(R), jeZ, and lim inf, , , . (1/2a)
card(T|[_, ,) <w}, where card(B) stands for the cardinality of the set B.
(2) Assume O € A. The quantity

d*(4; X(R)) := inf sup  |f1x (29)

Te@WAd) feAnKer T

is called the infinite-dimensional width of 4 in X(R) in the sense of
Gel’fand, abbreviated oo-G width. If there exists a T*e€ @ ,(A) such that

d"(4; X(R)):=  sup  [flx, (2.10)

fednKer T*
then Ker T* is said to be an optimal subspace for d¥(4; X(R)).
In the following we list some basic properties of 4*(A4; X(R)).

ProrosITION 2.2. Let X(R) be the normed linear space of functions over
R and 0e A = X(R).

(1) d*(ad; X(R)) = |a|d*(4; X(R)), aeR.
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(2) Let b(A) be the balanced hull defined as in Proposition 2.1. Then
d"(b(4); X(R)) =d"(4; X(R)).

(3) If w <w,, then d**(4; X(R)) < d"(A4: X(R)).

(4) If Ac Be X(R), then d*(A; X(R)) < d"(B; X(R)).

Proof. We only prove property (4). The proof of the other properties
is easy. Since 4 ¢ B, Y (R)=span(A4)=span(B)= Y4(R). Thus Y, (R)>
Y3(R). From Definition 2.3 we get 6 ,(4)> @ (B). Given Te @ (B), then
Te®, (A) and we have clearly Bn Ker 7> 4 nKer 7. Therefore,

sup  [Iffx=  sup  |f]x=d"(4; X(R)).

feBnKer T fednKer T
Since Te @ ,(B) is arbitrary,
d*(B; X(R))= inf sup || flx=d"(4; X(R)).

Te®,(B) feBnKer T
This proves (4).
Remark. (1) Similar to the case of the Gel'fand n-width, we have only
(4 X(R) <4 X(R)),  d"(4; X(R)) < d"{co(4); X(R)).

(2) Unlike the case of the Gel'fand n-width, we do not know whether
d"(4; X(R)) <6,(4; X(R)) is true in general.

3. INFINITE-DIMENSIONAL WIDTHS OF B(R) IN L7(R)

We begin this section with some notation to be used below. Let 7 be a
finite interval or the whole real line R. Given a pe[1, c0o] we set

Wil) ;= {feL?(I): f~"loc. abs. cont. on Tand [V e L7(I)}. (3.1)
W7 (1) is the usual class of Sobolev functions over I. Let
By == {fe W (D: I f ("l oy < 1}, (32)

where (|71 1y, == (7 [A(x)|? dx)'?, if 1< p<oo;:=esssup,., [h(x)l, if
p=co. When I=[aq, b] is a finite interval we denote that

Bi(I) = {feByD): fPa)= FOUB), j=0, .. r— 1}, (3.3)
Bi(Dy:={feBi(D): fP(a)=0,j=0,..r—1}. (3.4)

Obviously E’;(I) may be viewed as a (b — a)-periodic function class and
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B (I), is a subset of E;(I). Since for each f'e B} (I), we can assign zero to
S(x) for xe R\I and then f e B (R), B,(I), may also be viewed as a subset
of B7(R) in this sense.

Let & _, be the space of cardinal polynomial splines of degree r — 1 with
all integers as simple knots, ie.,

S i={s:5€ C""AR), sl x 1y €L _ 1, allkeZ}, (3.5)
where #._, is the class of polynomials of degree not exceeding r— 1. For

any bounded data f:=(f});.,€/%, it is known (cf. [3,9]) that there is a
unique bounded function s,_(f; x) e % _, such that

s, o(fsj+a)=f, forall jez,

where o, := (1+ (—=1)""1)/4. 5,_,(f; x) can be expressed in the form
s,_1(f3x)= ) f;L(x—)), (3.6)
JjezZ
where L(x)e ¥, _, satisfying L(j+«,)=9,0, jeZ When (f), ., are the
values of some function f at the points {j+a,},.,, we also write
s,1(fsx)i= ) fli+a) L(x—)). (3.7)
jeZ
The meaning of f in s,_ ,(f; x) depends on the context.
Now we are in a position to state our main results.
THEOREM 3.1. Let r be a positive integer, pe[1, o], w>0, and n(p, r)
be defined by

n(p,r) :zsup{“f“u’[—l,1]:feg;(["1: 1]

and f(—-)=—f(-)=f(-+1)}. (3.8)
Then
d,(B,(R); L*(R)) = 4,,(B,(R); L*(R))
=d"(B,(R); L”(R)) =n(p, r)w™".
Furthermore,

- (1) The following space of polynomial splines with simple knots
{k/ W} keZ

S gwi= {s(-):s(?)e%_l}, (3.9)

is optimal for d,(B(R); L?(R)).
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(2) The interpolation operator s, ,, defined by

S 1wl x) = ) wx — k) (3.10)

keZ

is an optimal linear operator for ,.(B(R); L7(R)).

3) Ker T* :={fe W;(R):f(-li>:0,allkel} (3.11)
w
is an optimal subspace for d*(B(R); L*(R)).
Remark. 1t is easy to verify that #(2, r}=7"" and 5{1, r)=n{co, r)=

E.(H L5y where E,(x) is the FEuler polynomial spline of degree r
(cf. [3]), ie, E-+1)=—E(-), E,eC""'R), and EV{x)=1, for all
x€(0,1). In [6] we proved that d,(B5(R); L}(R))=3,(Bi(R); L}R))=
n~’". Besides & _, and s, |, since (e.g., cf. [157)

”f(r) S(zrr) l(f)” iZ(R) + Hs(zrr)_L(f)H LYR) = ”f I| LYR)?

it follows that %, _, is also an optimal subspace for d,(B%(R); L*(R)) and
§,._ 1 18 also an optimal linear operator for &,(B5(R); L*(R)). In addition,
Sun and Li have proved in another paper [16] that when p=1, 2, and co,

E(B;(R);gin)p:: sup inf |f— g“u(m n(p,r)

feBLR) geFy

for all integers m > r — 1. These facts show that d,,(B/(R); L7(R)) may have
many optimal subspaces.

The proof of Theorem 3.1 is divided into two parts: estimation from
above and from below. We start with a series of lemmas and propositions
which may be of some independent interest.

PropPoOSITION 3.1. Let r be a positive integer and pe(l, c0). For each
feWi(R), we have s, _(f)e Wi(R), and

1Lf = s UM oy <1, ) 17N oy (3.12)

For the case p=2 this proposition is proved in the recent paper {15]
The proof given here is similar to that in [ 157 but with new lemmas. In the
following lemmas, r is always a positive integer and pe(l, o). For
convenience, we write 3. or 3 instead of 3_,_, and { instead of f.
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LeMMA 3.1. Let fe W,(R). Then the series 3. | f(j +x)|” converges for
every xeR.

Proof. Since feL”(R) and f®elL?(R) for fe W (R), by Stein’s
inequalities [127] we know that f" e L?(R). Since

[ Siu+xlrac=3 [ 176+ as

=3 [ 1 dr=[ 17017 de <o,

> |f(j+ x)}|? converges almost everywhere. Let xo,€ [0, 1] be such that
> |f(j+x0)|1’<j | f(x)]? dx < + co. Then for any xe [0, 1] we have

G+ =17+ x)P = || p LI () seal f()] dy

J+x0

<o 0N LG .

i

Thus

LG+ Y GHx)l?+ 2 TG +x)7 =1 +x)1°]

<[ dy+p [ IF )P 1) dy

1/p

<Jirorarn(Juowa) " (firorrs)
=M< o0,

where 1/p'+ 1/p=1. The inequality X |f(j+ x)|? <M is also true for
all xeR since > |f(j+x)|? is an l-periodic function. This proves
Lemma 3.1.

LEMMA 3.2. Suppose f":=(f}),., € R” satisfies
fi=0,  forall |j|<2n and |f7I<M,  forall |j|=>2n,
where n=1, 2, ..., and M is a constant. Then

m s, (/M oy =0 (3.13)

Proof. For the fundamental function L(x)e & _, appearing in (3.6), we
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first have to estimate (", |L(x — j)|” dx for | j| > 2n. From [3] or [97 it is
known that

|L(x)| < de B> forall xeR, (3.14)

where 4 and B are positive constants depending only on r. Thus,

[ L= )17 dx<ar j o= Brlx—il gy

—n —n

n
= AP ¢~ BPlI J oS8l Bpx
—n
)4 P oBpn
:il_e—Bpljt(eBpn_e—Bpn)gA i

Bp Bp

e~ Bl (315)
for || = 2n. Hence we have
“sr—l(fn)u LP[—n,n]

< Y W ILC =D g — o

{/l=2n
Ae®" ) 2MAe B
<M e Bl 0, as n— 0. 3.16)
|ﬂ§2n (Bp)'” (Bp)P(1—e™%) (

This proves (3.13).
For f1=(f}),., € R we say f € I” provided that || /| , := (¥ | /;|7}*" < co.

LemMMa 3.3. Let fel”. Then

I, 1 (UM gy S C LA (3.17)
with the constant C:= ({3 (X, |L{x +k)])? dx)'"" < co.
Proof. Let he L7 (R) satisfying [|4] g, <1, where 1/p'+ 1/p= 1. Then

[ 1) s, (f3 ) dx
<[ BT 1] LG ) dx
=Y 1Sl [ 1GON ILx = ) dx

=Y A [ e+ ) 1L dx
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= [ (150 e+ ) 120 s
<J(z1) (S s i) 1pn an
112 e (S e ) s

1 1p
U E [ 1000 (S thtar k17 ) d
k0 J

1/p’

=1f1l f: (k !L(x-l»k)[)(; ,h(x+j)|p'> -
(g f (meor

1 I4 1p , iy’
=1t ([} (S izt in) ) " ([cor ax)
k
=C ”f” )4 ”hllu'(m< C ”f” 75

where the constant C is indicated in this lemma and Hélder’s inequalities
are used twice. From (3.14) we know that C is a finite constant which
depends only on r and p. Hence we obtain

50+ =509 { [ G5) 5, 3) s iy <1 < C A

Remark. Professor C. A. Micchelli has told the author that Lemma 3.3
can be proved by the operator interpolation theorem. Since one can easily
verify that inequality (3.17) is true for p=1 and p= o0, (3.17) is also true
for pe(1, o) with some constant C. However, the above direct elementary
proof gives the comnstant C explicitly and may be of some independent
interest.

LEmMMa 3.4. Let n be a positive integer. Then
Sup{ ”f_ Srﬂl(f)”LP[—Zn,er] :fE E;([—zn, 2}1])} = ’T(P, r),
where n(p, r) is given in (3.8).

Proof. Associate two functions f and g via the equation g(x)=
(2n/m)"?~"f(2nx/n). Then g"(x)= 2n/m)"2f " (2nx/n), &l op_r 1=
(2n/r) =" “f”LP[~2n,2n]’ and ”g(r)”y[_,,,,,]=”f(r)”u[*zn,zny Thus fe
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E’I’,([—Zn, 2n]) if and only if geﬁz([—n, n]). Let s* [(g;x):=
2n/r)P~7s,_ |(f; 2nx/n) for fe E’;([—Zn, 2n]). Then s¥_((g;x} is a
2zn-periodic polynomial spline function of degree not exceeding r — 1, which
interpolates g at the points {(j+a,)n/2n}7 1, . By [5] we know that

J=—2n"

Sup{“g—sr*fl(g)ulﬁ[fn,n]: geﬁ;([—n, TE]}}
= (2n) ™" sup{lIAll Loy, ny: € B[ =7, 7 1), A+ 1) = —h{(-) = h(—-}}

2m\ " ~
=(;”) SUp{ Al 1,1y h € BT =1, 1) A+ 1) = =h() = h(=-)}

2 —r
= (—n> n(p, r).
T

Hence
sup{l.f =5, 1) 1op—am2my: S € By ([ —2n, 20])}

2n\" 5
=<7?> sup{l|g =5 (&) Lo my: g€ B ([ -7 7 1)} =n(p, 7).

Proof of Proposition3.1. For fe W (R), Lemma3.1 shows that
2., 1f(j+a,)|? < co. Therefore by Lemma 3.3, 5, _,(f)e L”(R).

Given £>0 and noticing that fe W (R) < L?(R), there exists a number
N(g) > 0 such that for every n> N(g),

=5t <e+] 10—, (fixl7de (318)

In the following we employ Cavaretta’s technique [4]. We take a
function geC"~}(R) with the properties that g(x)=1, for |x[<1,
supp g=[—2,2], g(x) is strictly monotone on (1,2}u (-2, —1), and
i ¥l Loy < 00, k=0, 1, ..., . There exist such functions [4]. Now we set

F(x):=f(x) gG), xeR. (3.19)

Then F,e C"~Y(R), supp F,= [ —2n, 2n], and

F =10 e (2)+ 3 () o0 20 (5)

Observing that | g(x/n)| <1 and |g¥(x/n)| <C;, all xR, j=1, .., 7 and
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from Stein’s inequalities [12] that || £~ Loy < Cas j=1, .., r, where C,
and C, are constants independent of #, we have

27‘
”Frsr)“LP[—Zn,Zn] = ”Ff;r)”u(n) < ”f(r)”u(n&) + ;l_ ¢, G (3-20)

Consider the periodic function F,(x) defined as
F(x)=Fx),xe[—2n,2n); and F(x+4n)=F(x), xeR

Then from F(—2n)=F(2n)=0, k=0,.,r—1, we know that
FINFDN g om sy € By ([—2m,217) G IFO) pop_p27=0, then F,=
0e B,([ —2n, 2n])). Thus, by Lemma 3.4 and (3.20) we obtain

H‘Fn S I(Fn)n LPT —n,n]

< ”Fn -8 - I(Fn)” LP[ —2n,2n]
2r
<P ) IFDN op s zmy SH(D> T) (llf N Ly +=C cz). (3.21)

Letting n> N(e) and noting that F (x)=F (x)=f(x) for all |x] <n, the
inequalities (3.18) and (3.21) yield
If— Srfl(f)uil’(R)
e+ 1E, =5, s g —nmy
<e+(|F, —Srgl(Fn)” L[~mn] T ”Sr—l(Fn) —8,_ (NI LP[ﬁn,n])p
2'C, Cz)

<ot (n(p, ") (llf")llu(m +

+ s, _ o F)— s, (F 2oy TS (F,) =5, l(f)“LP[——n,n]) -
(3.22)

On the other hand, by Lemma 3.3, we have

“Sr——l(Fn) ‘_Sr—l(f)” LP[ —n,n]
= ”sr——l(Fn —f)” L?[ —n,n]

1/p
< A (Fr = zomy < C( Z |F,(j +a.)=f(J+ “r)'p>

jeZ

ip
<2c( 5 e (323)

lil=n
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where the last inequality follows from the fact that |F,{x)! <|f(x)|, for all
xeR and F,(x)=f(x), for all |x|<n. Since Fn(j+ac,)—Fn(j+ o, )=0,
|ji1<2n; |F(j+a,)—F,(+a) <IF,(+a) < (i 1f(k+2,)]7)7 < o,
1jl=2n, n=1,2, .., Lemma 3.2 gives

lim “sr—l(Fn) ‘Sr—l(Fn)HLP[_.n,n]

= tim |15, y(Fy = F)ll g = O (3.24)

According to (3.23) and (3.24), letting n — oo in (3.22), we obtain

1Lf = sr - s ey S+ (P, 1) 1SN o)

Since ¢>0 is arbitrary, we let ¢ > 0" in the above inequality and get
(3.12). This completes the proof of Proposition 3.1. §

Remark. We should note that the inequality (3.12) is also true for the
case p=1 and p= 0. The readers may refer to de Boor and Schoenberg
[3] or Micchelli [9] for the case p= + oo and Li [7] for the case p=1.
In [9, 7] the general case of cardinal .¥-splines is considered.

PROPOSITION 3.2. Suppose r is a positive integer, w>0, and pe[1, 0 ].
For fe W/(R), let s,_1,(f) and n(p,r) be defined in (3.10) and (3.8),
respectively. Then s,_ ,(f)e L?(R), and

If =5, 1) LA(R) <u(p,ryw™" Hf(r)” LP(R)* (3.25)

Proof. By Proposition 3.1 and the above remark, the inequality (3.25)
is true for the case w=1. For the general case w > 0, we make a transform
of dilation as follows. Let g(x):=f(x/w). Then one can easily see that
S, 1..(f;x)=s5,_,(g; wx). In the following we consider only the case
1< p< 0. The proof for the case p= oo is similar. Thus,

If—s,_ lw(f)” LP(R)

1/p

~(], 1e0em)=s, (g wmi ax)

1 Lp
=(; JR |g(y)—s, (& VP dy) =vw Plg—s (@l

)

l/p
=w n(p, 1) ( J, roe dx) =w (2 ) 1) iy B

<0 ) L =0 ([
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To get the lower bound, we neced the following lemma. Let X be a
normed linear space and A < X. By b,(4; X) we denote the Bernstein
n-width [11] of 4 in X.

LEMMA 3.5. Let n and r be positive integers and pe[1, co]. Then
b.(By(D)o; LA(D) > b, (B(D; L2(D),

where I'=[a, b] is a finite interval, and E‘;(I) and B(I), are defined in (3.3)
and (3.4), respectively.

Proof. Given &> 0, according to the definition of the Bernstein n-width
[11], there exist a pu>0 and a subspace X,,,.,<=L?(I) with
dim X, ., ,=n+r+1, such that

pS(Xy s e )SEBYD)  and  pte>b, (B L)z p,

where S(X,,,,1):={feX,i,11:fl <1} Note that from the first
containing relation we know that each element of X, ; has continuous
derivatives up to order r— 1. Put

X:-J—l = {fEXn+r+1:f(j)(a)=0’j=0, vy r"l}

Then dim X7¥, , >dim X, ., ,—r=n+1 and uS(X}, )< B)(I),. There-
fore

b(By(Do; L) = p> by, AB(I); L)) —&.
Letting ¢ » 0" we conclude the desired inequality. |

Proof of Theorem 3.1. We first point out that &, _, €7, where 7 is
the family of spaces defined in Section2 and % _, , is given in (3.9). In
fact, if we consider the B-spline function [2]

1 r
M = == | (= x) !
im0 T (1

with 0, 1/w, .., r/w as simple knots, then M,, has compact support
[0,r/w] and & _,,=span{M, (-—k/w)}, ;. Thus according to Sec-
tion 2 we see that % _, ,€J,. Now, observing that s,_, , (cf. (3.10)) is a
linear operator which maps W} (R) = span(B}(R)) into & _, ,,, by Proposi-
tion 3.2, the definition of oco-linear width, and the inequality (2.6), we
obtain

d,(B(R); L7(R)) < 6,(B,(R); L*(R))

< sup  (1f =5, - WU Loy <n(ps F)w " (3.26)
FeBYR)
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To show that equality holds in (3.26), it remains to prove that
d,(B(R); LP(R)) = n(p, r)w™". By the definition of the co-K width, it is
sufficient to demonstrate

E(B(R), S),:'= sup inf ||f— gl myZn(p. r}w ", forall Se7,.
feE;(R) geSs
(3.27)

Let ¢>0 and Sed,. Without loss of generality we can assume that
dim S=o0. From (2.1) we can find a sequence {a,}7_, of positive
numbers satisfying a, — oo as k& — co such that

a=dim S|, . <2(1+¢) wa,, k=1,2, ... (3.28)

Set I :=[ —ay, a,]. As we pointed out at the beginning of this section,
B (Ii)o can be viewed as a subset of B (R). Thus, by definition we have

E(B(R); ), sup inf [[f— gl o,

feBilyn ges

> sup il | f= gl gy = dy(BT)os L)) (329)

SeBIo geSly,

where the last inequality follows from the definition of the Kolmogorov
n-width d,(4;X) and (3.28). By the fact that d,(B(Z.)o; LP(I))=>
b (B, (I;)o; L7(1;)) and Lemma 3.5 we get

E(B(R); $), > b, (B, (I)o; L*(I))
>b,, . By(1,); L*(I,))

- <% )r bnk+r(B;(["n> H]); LP([—R’ n]»

= (nw) (1 + )27 npby s (B[ —m, 2]); L[ —7, n])),
(3.30)

where the equality follows from a transform of scale of variable argument
in the definition of the Bernstein n-width and the last inequality follows
from (3.28). For the case 1 < p< oo we know from Chen and Li [57 that
lim 2irnrbn+r(Elrz([_TE$ n]);LP([—n, TE]))

7> 0

= lim z-r(~”—)r<n+r)'bn+,(§;([—n,n]); L[, 7))
n+r

=SUp{[fll por—nny: fEB([—m, 7)) and f(—-)=f(-) = —f(-+7)}
=" sup{|| fll pr_s.1y: fEB([—1, 1) and f(—-)=f(-)= ~f(- + 1)}
=n"n(p, r). , (3.31)
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From the monograph [11, pp. 133, 180, and 183] we see that the above
strong asymptotic relation is also true in the cases p=1 and p= 0.
Therefore, letting & — oo in (3.30) and noticing that n, — dim S = co, we
conclude that

EB(R); S),=(1+e) n(p,r)w".

Since &> 0 is arbitrary, (3.27) follows, and therefore d,,(B(R); L?(R))>
7(p, r)w~". Combining this inequality with (3.26) gives

d(B(R); L7(R))=4,(B,(R); L*(R))
= Ssup ”f_srvl,w(f)”u(w):”(p,r)w_,- (3.32)

SeByR)
To complete the proof of Theorem 3.1, we must show

d"(B(R); L*(R)) = sup 1AW 2oy = (0 r)w™",  (3.33)

fe B;(R)n Ker T*

where Ker T'* is given in (3.11). For 4=B,(R) we have Y (R):=
span(4) = W (R). By (W}(R))" we denote the dual space of W (R), and for
ease of notation, we set

0,:=0,4)
. |
={T= {t;}jez: 1€ (W(R)), jeZ, EI_I.IiIgTa card(T| [_a‘a])<w}.
(3.34)

Again, let ¢>0 and T= {1;},_, € O,,. By definition we can find a sequence
{a,} 2., of positive numbers with a; — oo as k — oo, such that

nei=card(T|;_,, ,.4) <2a,w(l +¢), k=1,2,... (3.35)
Put I, :=[—a,, a;]. Then we have

sup 1SN Lom)

SeB(R)NKer T

> sup LAY Loimy
fe B;(Ik)o nKer T
= sup 1A 2y = @B (LI)os WiLi)o),  (3.36)

SeB(IdonKer Ty,

where the last inequality follows from the definition of the Gel'fand s#-width
d"(4; X) and the definition of #,. Note that we can view the continuous
linear functionals in T|; as elements of (W(I,),), where W(I,),:=
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span(B,(I),) is a subspace of L?(I) with norm ||l ,,,. By well known
properties [11] of the Gel'fand n-width, we have

(B (I)o;s WiIi)o) = d"(B,(Ii)o; Ly(1k)) 2 b(B(Li)o; Li(T))  (3.37)

As an analog to the previous deduction (cf. (3.28)—(3.31)), from (3.35),
(3.36), and (3.37) we can conclude that

sup W0 Loy = (148} "n(p, ryw "

feB;(R)r\Ker T
Since ¢ >0 and T e @,, are arbitrary, it follows that
d"(B(R); L?(R))= inf sup IS oy Z n(ps FYw™". (3.38)

Te@y fe B;(R)n Ker T

To prove the converse inequality, we consider T*= {17}, ,, where
#(f)=f(j/w), je Z. Then Ker T* is given in (3.11). Note that supp 1,=
{j/w}, and, therefore, T*€ ©,,. Hence

d"(B,(R); L/(R))

< sup 1/ LP(R)
fe B;(R)n Ker T*

k
=Ssup {Hf“ LP(R):fEB;(R), f(;) =0,allke Z}

k
=sup {“f” LP(R):fE B;(R), f< ‘f];}d,) =0,allke Z}

<sup{[lf = s, - W oy fEBLR) <nip, r)w ™,

where the last inequality follows from Proposition 3.2. Hence (3.33) follows
from (3.38) and (3.39). Finally, by (3.32) and (3.33) we finish our proof for
Theorem 3.1. |

4. AN APPLICATION TO OPTIMAL RECOVERY FOR B (R) IN L#(R)

Let the Sobolev function classes W (R) and B (R) be given as in
Section 3. In this section we want to study the problem of optimal recovery
for B/(R) in L”(R) with infinite many function values as information. We
will provide a solution to this problem by using co-widths.

Let us now formulate the problem of optimal recovery in the sense of
Micchelli and Rivlin [10]. For w> 0, we define

e, :={5= {fj},-ez: (i<G¢j+1,JEZ, lim infgi;card(im [—a, a})gw%.
(4.1)

640/69/1-3
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For each £€6,, we can determine a mapping I.: Wi(R) - R%, I(f) =
(f(§));cz- We say that I, is an information operator. An arbitrary
mapping A:I,(B,(R))—> L°(R) is called an algorithm. We consider the
approximation problem sup{|lf— AL/ ) »g): f € B,(R)}. Taking the
infimum over the expression for all possible algorithms leads to the
intrinsic error

E(B,(R); <) :=inf sup ||/ — AL/ Loa)- (4.2)

A fe B;(R)
To find the optimal set of sampling points in &, we also want to study

E(By(R); 0,,) := o E(BY(R); ) (4.3)

The problems of optimal recovery of this type were initiated by Sun [13]
in the case p= 0. Since then several results for cases p=1, p=2, and
other function classes have been obtained. The interested readers may refer
to [8, 15, 14]. Here we will solve the above problems in the general case

pe(l, o\{2}.
Since B(R) is symmetric about the origin (ie, feB,(R) implies
—f€B,(R)), it follows from [10] that

E(By(R); &)= sup{|l [l Low): f€ BL(R), f(§,)=0, jeZ}.  (44)

For ¢e@,, let 7,6 (W, (R)) be defined by 7,(f)= f(£,), je Z. Then one
can easily verify that T:={z;},_,€0,, where ), is defined by (3.34).
Thus, according to the definition of the co-G' width and Theorem 3.1 we
have

sup{ ”f”u(u;e):fe B;(R), f(éj) =0, jEZ}
> d"(BL(R); LA(R)) =n(p, r)w™". (4.5)

From (4.3), (4.4), and (4.5) we obtain
E(B(R); @w)>éien8f sup{lf | Low): f € By(R), f(£,)=0, je Z}
Zn(p,r)w " (4.6)

On the other hand, for &* := {(k +a,)/w},.,€6,, by Proposition 3.2 we
have

E(B;(R); 6,,) < E(Bj(R); £*)
< sup |f =5 1l Dllpmysulp, )w™" (47)

FeBR)
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Combining (4.6) and (4.7) gives the following:

THEOREM 4.1. Let r be a positive integer, w>0, pe(l, o0}, and the
interpolation operator s, _, ,, be defined by (3.10). Then

E(B(R); 6,,) = E(B/(R); £*)
= Sup nf_srf l,w(f)” LAR) = YI(Pa r)w—-r‘

feByR)

That is, &* = {(k+a,)/w}, .5 is an optimal set of sampling points and s
is an optimal algorithm which realizes E(B(R); 8,).

r—1,w

Remark. The above results are also valid in the cases p=1 and p= co.
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